Introduction
Small, multirotor helicopters equipped with electric motors and fixed-pitch propellers have gained popularity as experimental and hobby platforms over the past 10-12 years. Fixed-pitch, multirotor designs are mechanically simple as they lack the complexity of the control linkages and swashplate that are required by traditional pod-and-boom style helicopters.
The mechanical simplicity and robustness of fixed-pitch, multirotor vehicle designs, however, places fundamental limits on the achievable flight performance of the vehicle. With fixed-pitch propellers and commonly utilized brushless motors and electronic speed controllers (ESCs), thrust can only be generated in one direction, thus preventing the multirotor vehicle from generating upward thrust (with respect to the vehicle body). Also, the attainable control bandwidth with fixed-pitch propellers is limited by the inertia of the motors and propellers. These limitations could restrict the aggressive and aerobatic maneuvers a multirotor helicopter can perform. This paper explores the benefits of adding variable-pitch propellers to an autonomous quadrotor helicopter (see Fig. 1 ). Variable-pitch propellers largely overcome the limitations resulting from fixed-pitch flight. Reversed thrust is achievable and control bandwidth is limited only by the speed of the variable-pitch actuation, not by the inertia of the motor-propeller combination. While variable-pitch propellers require a few additional mechanical components, the advantages of increased controller bandwidth and reverse thrust capabilities could justify the design when aggressive and agile flight is required.
Related Work
In traditional fixed-pitch quadrotors, stability and flight control are achieved by changing the voltage supplied to each of the four motors, inducing a change in the motor revolutions per minute (rpm) and, correspondingly, the thrust generated by each of the propellers. Several detailed descriptions of the modeling of quadrotors and their dynamics have been published recently [1] [2] [3] [4] . Considerable work also exists on various control schemes for controlling quadrotors [5] [6] [7] [8] . Furthermore, trajectory generation for quadrotors has been considered, with several results showing time-optimal trajectory generation methods and corresponding tracking algorithms [9] [10] [11] [12] .
Controller bandwidth can be a significant problem for quadrotors, becoming an issue for quadrotor stability as the size of the quadrotor increases [13] . Larger quadrotors require larger motors which, in turn, have larger inertias and cannot be controlled as quickly as smaller motors. Eventually, as the rotor size increases enough (rotor inertia scales with rotor radius to the fifth power [14, 15] ), the quadrotor can no longer be stabilized through rpm control alone. The torque required to change the rotational velocity of the motor exceeds the capacity of the motor and the power supply. Thus, variable-pitch blades may become necessary for larger quadrotors merely for stabilization purposes.
A few variable-pitch quadrotors have previously been developed. The HoverBot utilized variable-pitch propellers and electric motors. The vehicle achieved promising results but was never able to fly autonomously [16] . Several hobbyists have developed, and are currently developing, remote-controlled variable-pitch quadrotors, and are posting their results on online forums and discussion groups (see, e.g., Ref. [17] ). Finally, concurrent with the initial design work for this project [18] , the Vehicle Control Systems Laboratory at the National Cheng Kung University developed a variable-pitch quadrotor that demonstrated autonomous upright and inverted flight and flips [19] , but no further work appears to have been published on the project. This paper also verifies the feasibility of an autonomous variable-pitch quadrotor, but focuses mainly on the analysis of the potential benefits of variable-pitch propellers for quadrotors, and on the implemented control and trajectory generation algorithms.
Several research groups have successfully demonstrated autonomous indoor aerobatics with fixed-pitch quadrotors, including triple flips with rotational rates exceeding 1600 deg/s [20] . Also, fixed-pitch quadrotors have been shown to fly through windows, perch on inverted surfaces [21] , fly through moving hoops [11] , juggle and throw balls [22, 23] , hold inverted pendulums [24] , and perform other aggressive, agile, and aerobatic tasks. These aerobatic and aggressive maneuvers, however, lag significantly behind the abilities of single-rotor helicopters [25] , primarily because fixed-pitch multirotor helicopters lack the ability to generate negative thrust. This substantially hinders the flight envelope of the vehicle, making maneuvers such as 180 deg flips, tic-toc's, and split-s' impossible. Also, the fixed-pitch propellers make decelerating faster than gravity difficult. While fast decelerations have been demonstrated with fixed-pitch quadrotors, they require flipping the quadrotor upside down to generate the required force. The flipping behavior is only beneficial if both the required decelerations and vertical displacements are large [10] .
2.1 Overview. The purpose of this paper is to demonstrate how adding variable-pitch propellers to a quadrotor overcomes some of the flight limitations of fixed-pitch quadrotors, specifically in the area of autonomous aggressive and aerobatic flight. The main contributions of this work are threefold:
(1) A theoretical and empirical comparison of variable-pitch versus fixed-pitch propellers for quadrotors. (2) Development of control and trajectory generation algorithms for a variable-pitch quadrotor, with practical robustness demonstrated through real-world testing. (3) Flight experiments conducted on a custom variable-pitch quadrotor, which verify the analytical results.
Much of the work presented in this paper has been introduced earlier [18, 26, 27] , with several new experimental results presented in this paper.
The remainder of the paper is organized as follows: Sec. 3 analyzes the dynamic differences in thrust output between a fixedpitch and variable-pitch propeller. Control and trajectory generation algorithms for a quadrotor helicopter are presented in Sec. 4. Section 5 briefly discusses the design of a custom variable-pitch quadrotor built at the Aerospace Controls Laboratory (ACL). Experimental results on the variable-pitch quadrotor demonstrating the control design and trajectory generation method are given in Sec. 6. These results validate the predicted performance increase of utilizing variable-pitch propellers over fixed-pitch propellers.
Actuator Comparison
With fixed-pitch propellers, given a constant motor rotational rate, the thrust produced by the propeller is constant (assuming that the quadrotor is near hover). The only way to change the thrust produced by the propeller is by changing the voltage to the motor, thereby inducing a change in the rotational rate of the propeller.
Adding variable-pitch propellers to the quadrotor platform results in an additional degree-of-freedom for varying the thrust produced by each motor-propeller combination. With variable-pitch propellers, thrust can be changed by either changing the blade pitch or by changing the rotational rate of the motors. These two actuators, to a large extent, overlap. For instance, with variable-pitch propellers, a quadrotor can hover by spinning the propeller quickly and with a low blade pitch, or by slowing the rotational rate of the motor and increasing the blade pitch. There are many combinations of motor speed and propeller pitch that yield identical thrust values. The number of possible combinations is only limited by the maximum propeller pitch (physical and aerodynamic limitations), the maximum available motor power, and the available discretization in the hardware motor and pitch commands.
For the purposes of this analysis, the output of the quadrotor control algorithm is assumed to be a desired thrust for each of the four motor/propeller combinations (the details of the control algorithms will be presented in Sec. 4). This section addresses the benefits of adding variable-pitch control to a quadrotor while considering the allocation problem of which actuator to use, pitch, or motor speed, when a given thrust value is desired.
3.1 Motor-Propeller Model. Using a simple first-order direct current (DC) motor model [28] , the propeller speed, x, is related to the voltage applied to the motor, v, the motor voltage and torque constants, K V and K Q , the motor internal resistance, R, the no-load current, i 0 , the inertia of the motor and propeller, I, and the drag, D, by
This simple motor model assumes a brushed DC motor and therefore is only an approximation for the brushless motors used on the variable-pitch quadrotor. Substantially, more detailed analyses and full derivations of the equations for each of the phases of a brushless motor have been shown in Refs. [29, 30] , where the developed equations show that each phase of a brushless motor can be approximately modeled as a brushed DC motor and thus, when averaged, the three phases approximately follow Eq. (1). Table 2 shows the motor coefficients for the motors used on the variable-pitch quadrotor in this paper. Assuming the quadrotor is near hover, the lift, L, and drag, D, generated by the propeller are modeled by [31] 
where a is the propeller pitch angle, and q, c, R p , C D0 , C Di , and C La are constants relating to the physical and aerodynamic properties of the propellers and surrounding air. Combining the constants and calling them b L ; b D1 ; b D2 , and b D3 , Eqs. (2) and (3) are rewritten as
Substituting Eq. (5) into Eq. (1) results in the following nonlinear differential equation for _ x:
Linearizing these equations about the hover conditions x 0 and a 0 results in the state-space system
These linearized equations encapsulate one of the fundamental differences between variable-pitch and fixed-pitch actuators. With a fixed-pitch propeller, thrust is increased by increasing the voltage supply to the motor. The motor voltage is applied in Eq. (7), and first increases the motor speed which, in turn, increases the thrust output. Thus, the thrust rate of change is fundamentally limited by the dynamics of the motor. However, with a variable-pitch actuator, there is a significant nonzero direct feed-through term in the lift output shown in Eq. (8) . Any change in the pitch of the blades directly affects lift, bypassing the motor dynamics. Of course, increasing the pitch of the propellers negatively impacts the speed of the motor and therefore negatively impacts the lift produced, but that decrease in lift is first filtered through the motor dynamics. Provided the mechanism for actuating pitch is fast when compared to the response of the motor, varying the pitch of the blades results in faster changes in thrust than varying the motor voltage.
Simulated Thrust
Response. In this section, we provide several simulations of the motor-propeller combination used on the physical system. The simulation data are not used for control, but rather to illustrate fundamental differences between fixedpitch and variable-pitch propellers on a quadrotor helicopter.
The propellers used on the hardware are symmetric, tapered, 9 in. diameter blades. To determine the lift and drag coefficients of the propellers to use in the analysis, an airfoil, operating Reynolds number, and Mach number must be selected. The maximum thickness to chord ratio is 0.899, and so a NACA 0009 airfoil is chosen to model the propeller airfoil. Assuming the blades are rotating at 8000 rpm (typical for our choice of motor and propeller), the Mach number near the end of the blades is about 0.25. This gives an operating Reynolds number of around 100,000.
Using XFOIL [32] , aerodynamic coefficients for the propeller blades are determined and, for reference, are displayed in Table 1 .
A propeller and motor numerical analysis program, QPROP [28] , is used to determine the steady-state values of the drag and lift, generated by the propellers as functions of x and a. The numerical values of the drag and lift coefficients are shown in Table 3 for reference. Figures 2-4 show the output of QPROP. In each plot, lines of constant thrust are denoted in (predominantly vertical lines) and lines of constant motor speed are denoted in (predominantly horizontal lines). The shaded areas indicate operating regimes that should be avoided due to excessive motor vibrations and propeller stall. The approximate hover thrust required by each of the four motors is denoted by the green line, indicating the many combinations of pitch and voltage settings that could be used to hover. The plot also shows how thrust can be increased from hover by increasing motor voltage, increasing pitch, or by increasing both. Figure 3 shows the same information as Fig. 2 , except here the horizontal axis shows both positive and negative propeller pitch. One of the key benefits of the variablepitch propeller actuator is the ability to move anywhere on this thrust plot. With fixed-pitch propellers, the vehicle is restricted to moving only vertically on this plot with a set positive propeller pitch.
In Fig. 4 , the vertical axis shows power consumed by the motor as a function of propeller pitch. Another benefit of variable-pitch propellers over fixed-pitch propellers is the ability to choose more efficient operating regimes based on vehicle loading. Although not explored in this paper, Fig. 4 suggests that propeller pitch could be adjusted to more power efficient settings as the required thrust increases or decreases. Figure 5 shows nonlinear simulation results from the data generated by QPROP for lift and motor speed responses to steps in voltage and pitch. The direct feed-through from pitch to lift is apparent as the lift quickly increases when the step in pitch is commanded. The lift then decreases as the increased torque on the motor slows the motor down to the new steady-state value.
Note that Fig. 5 also accounts for limitations in the ability to change voltage to the motor and the speed of the servo. Bench tests suggest that the dynamics of the ESC can be approximated as a rate limiter of 70 V/s. Also, on the actual quadrotor, the propeller pitch is actuated by a digital servo. The servo dynamics are approximately modeled by a rate limit and a small lag. No-load specifications on the servos indicate a rate limit of about 900 deg/s. Bench Table 1 Propeller aerodynamic coefficients test data indicate that the loaded response is roughly 70% of that value. As Fig. 5 indicates, the servo response is much faster than the dynamics of the motor. The fast actuation benefits of a variable-pitch actuator hinge on this assumption that the pitch actuator is faster than the motor dynamics.
Control Allocation.
Choosing the thrust actuation mechanism (ratio of varying voltages versus varying pitches) depends on a number of factors. For instance, to minimize power consumption, Fig. 4 suggests keeping the blade pitch between 14 and 19 deg when hovering since the constant thrust lines have minimum power in this range. However, if quick thrust changes are desired, hovering with a lower pitch and higher rpm allows the propeller pitch to increase more before stalling the propellers. In other words, the motor-propeller combination contains more kinetic energy at hover that can be quickly converted into thrust by increasing the propeller pitch.
Agile and aggressive flight require quick changes in thrust [5] . It follows that for agile flight, the kinetic energy stored in the motor should be maximized. As indicated in Fig. 2 , bench tests confirm that vibration from the motors becomes excessive for the frame and autopilot around 8000 rpm, placing an upper limit on the kinetic energy that can be stored in the motor. Keeping the energy high under varying pitch values implies that the power to the motor must be adjusted to compensate for the varying propeller loads (Table 2) .
One strategy for agile flight is to always keep the motor speed at its upper limit. Given an initial thrust level, L 0 , and maximum motor speed, x max , the required propeller pitch, a 0 , is found using Eq. (4). Any desired change in output thrust, DL, is made by commanding the corresponding Da, found from Eq. (8) . The motor speed is kept constant by simultaneously choosing the voltage input to compensate for subsequent changes in motor speed due to increased or decreased propeller drag.
This choice of commanded voltage effectively cancels the pole of the motor dynamics in Eq. (7) with a zero from the pitch direct feed-through term. The state-space system from Eqs. (7) and (8) becomes
showing that, using the linearized dynamics, lift and motor speed have become input decoupled. Figure 5 demonstrates that when applied to the full nonlinear motor dynamics, this strategy increases the thrust quickly while avoiding any significant rpm and thrust decrease after the increase in pitch. The mitigation of slow motor dynamics during thrust changes illustrates an advantage of using both voltage and pitch control in combination. In practice, this idea is utilized on the variable-pitch quadrotor in order to maximize the potential for agile and aggressive flights. Note that on the physical quadrotor, we are unable to implement Eq. (9) directly as we do not command the voltage sent to each motor, but rather only send nondimensional commands to the speed controllers. However, we approximate this approach by using bench data to calculate the feedforward input needed to keep the motors running at near constant rpm regardless of pitch settings. 
Bench Motor Testing.
The analytical results presented in Sec. 3.3 are verified here using bench testing of one of the motors and propellers used on the variable-pitch quadrotor. The tests are performed by rigidly attaching a motor and propeller to a load cell. Static tests show a maximum and minimum safe thrust value of about 3 N and À3 N per motor, respectively. When the pitch is locked to a positive value (simulating a fixed-pitch propeller), the minimum thrust value increases to about 0.15 N. Figure 6 shows the results of dynamic tests where various step inputs in commanded motor thrust and propeller pitch are given. While the decreases in thrust and motor speed after the initial command given are greater than predicted by the simulations in Fig. 5 , the overall behavior of the system agrees with the simulated data. When increasing the motor command and keeping the pitch constant, the time constant of the thrust response is governed by the inertia of the motor and propeller. On the other hand, when pitch is increased with a constant motor command, the thrust changes nearly instantaneously, followed by a decrease in thrust as the increased propeller drag slows the motor down (Table 3) .
Also consistent with the simulation, when the actuators are changed together, an effective cancelation of the motor dynamics happens since the steady-state motor speed remains constant. There is a small dynamic response immediately after the pitch is actuated; however, the motor speed quickly returns to the previous steady-state value. In summary, these experimental results support the theoretical analysis and show that varying the propeller pitch yields fast, almost instantaneous thrust changes.
Trajectory Generation and Control
The increased thrust rate of change and the availability of negative thrust coming from the addition of variable-pitch propellers are utilized in this section to develop trajectory generation and control algorithms. The control algorithms developed are nonlinear and are not based on near-hover assumptions, allowing for control of aggressive and aerobatic maneuvers. Algorithms generating attitude-specific trajectories that account for actuator saturation levels are also presented. While these algorithms are implemented on a variable-pitch quadrotor, they are general and can be applied to quadrotors with fixed-pitch propellers as well.
Dynamic Model.
Consider the quadrotor helicopter depicted in Fig. 7 with mass, m, and mass moment of inertia, J, where J is aligned with the body x, y, and z axes. Let the position of the center of mass of the quadrotor with respect to an inertial frame, i, be defined by r i . The attitude of the vehicle in the inertial frame is described by the quaternion q with the rotational velocities of the vehicle in the body frame, b, being
is used where q 0 is the scalar portion and q is the vector portion of the quaternion. In particular, the quaternion rotation operation that rotates the vector v in R 3 from the body frame to the inertial frame is defined as
where q* is the quaternion conjugate of q, and is the quaternion multiplication operator [33] . The inertial-frame time derivative of q is related to the body rotational velocities by
Using this quaternion formulation, the Newton-Euler equations of motion that describe the dynamic motion of the quadrotor are given by 
where
T is the body frame thrust vector, and M b is the bodyframe moment vector. The placement of the motors on the quadrotor restricts the generated thrust vector to always be aligned with the body frame z-axis.
Let the thrust produced by each of the four motors on the quadrotor be f i . The total thrust f total and quadrotor moments are approximately related to the thrust of each of the four motors by [34] 
where d is the distance from the center of mass of the vehicle to the motor mount, c is the drag coefficient that relates the yawing moment about the body z-axis to the thrust of the four motors, and sgn() is the signum function. The thrust produced by each motor is bounded between maximum and minimum values as
where f min and f max are determined by the physical characteristics of the motor, the available power, the propeller, etc. With fixedpitch propellers, the theoretical minimum thrust is f min ¼ 0, but in practice one typically finds that f min > 0 [35, 36] . For a variablepitch system, one can design f min ¼ Àf max .
Closed-Loop Control.
The control algorithms presented in this section utilize a similar trajectory feedback formulation to work presented earlier [7, 11] . However, the desired attitude calculation and attitude control are computed using quaternions instead of rotation matrices. The quaternion formulation provides a computationally simple method for calculating attitude errors and control on-board the quadrotor.
Quadrotors are underactuated and differentially flat [11] . The four motor thrust commands can therefore be determined by four flat outputs (and their derivatives): an inertial-frame position reference command, r i d ðtÞ, in R 3 and a desired yaw angle, w d (t). Given the flat outputs, the commanded thrust and moments are computed as follows.
A feedback acceleration vector (the time dependence has been omitted for clarity), € r i fb , is computed as
where k p , k i , and k d are positive definite, diagonal, 3 Â 3 gain matrices, and the error terms are defined as
The feedback acceleration vector supplements the commanded (feedforward) acceleration by compensating for errors in position and velocity. Let the total commanded inertial-frame force required to keep the quadrotor on the desired trajectory be
This commanded force is used to compute the desired vehicle attitude and the total quadrotor thrust. Rearranging Eq. (13)
Substituting Eq. (20) for the left-hand side of Eq. (21) and normalizing both sides give
where the unit vectors are defined as
andq d is the desired quadrotor attitude (without accounting for the desired yaw angle) that aligns the body frame thrust vector with the desired inertial-frame force vector. The minimum-angle quaternion rotation between the two unit vectors
The sign of the z-component of
ensuring that the direction of the body frame thrust vector is aligned with the direction of the inertial-frame acceleration vector.
To fully define the desired attitude of the vehicle, two ambiguities must be addressed. First, quaternions double cover the special orthogonal group SO(3), meaning q and Àq represent the same attitude [38] . In practice, this ambiguity is easily addressed by choosing the sign ofq d at the current time step to agree with the attitude commanded at the previous time step, such that q
Second, assuming the quadrotor is capable of producing negative thrust, an ambiguity exists between upright and inverted flight because the commanded global acceleration vector is the same in both cases. To fully disambiguate the desired attitude, an additional upright/inverted binary command variable, r d (t) ¼ 61, is needed, where 1 represents upright flight and À1 is inverted.
Finally, the desired vehicle attitude, q d , is computed by rotating q d by the desired yaw angle, w d , as
The total quadrotor thrust, f total , is computed as
The desired quadrotor attitude rate is found by taking the time derivative of F in the inertial frame. Utilizing the transport theorem [39] , this derivative is
The first term on the right-hand side of Eq. (27) is zero since F is constant in the body frame. Rearranging Eq. (28) and expressing
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Transactions of the ASME the vectors in the inertial frame give the desired angular rate vector projected onto the x-y plane
The third component of the angular velocity, the yaw rate, is directly computed from the input yaw command as
The time derivative of F i is explicitly calculated using the quotient rule on Eq. (23) as
where Utilizing the sequential rotation properties of quaternions [33] , the desired vehicle attitude can be represented as a rotation from the inertial frame to the actual frame of the vehicle followed by a rotation from the vehicle frame to the desired vehicle orientation, as in
q e |{z} body frame (32) The quaternion q e represents the error quaternion, or the attitude error of the vehicle expressed in the body frame. Rearranging Eq. (32) using the conjugate properties of the quaternion yields the error quaternion, expressed in the body frame, as a simple quaternion multiplication between the actual attitude and the desired attitude q e |{z} body frame
Equations (32) and (33) are similar to equations in previous work [40] ; however, in this paper, the order of the quaternion multiplication differs so as to agree with standard notation and the rotation operation introduced in Eq. (12) [33] . With the error quaternion expressed in the body frame, the elements of the quaternion directly map to the required body frame moments. Similar to other quaternion-based attitude control laws proposed [41] [42] [43] , the attitude control is accomplished using proportional derivative control on the attitude error and attitude rate error as
where q 0 e and q e are the scalar and vector portions of the error quaternion, respectively. The gain matrices, K p and K d are diagonal and positive definite. The diagonal elements of the gain matrices are hand tuned on the real variable-pitch quadrotor.
Finally, given f total and M b , the closed-loop control is completed by calculating the corresponding motor thrust commands through inverting the relationship in Eq. (15) . Note that Eq. (15) cannot be inverted directly as it depends on the sign of the unknown motor thrust values. Thus, in practice, we use the sign of f total as an approximation for the sgn(f i ) functions. Part of the reason for using this approximate solution rather than computing the true solution to the nonlinear equation is that the attitude loop is run on a 16-bit microcontroller at 1 kHz, and so the computational resources and time available to solve Eq. (15) are severely limited. The motor thrust commands are translated into propeller pitch and motor speed commands using the control allocation policy introduced in Sec. 3.3.
Trajectory Generation.
Given the control structure capable of tracking position and yaw reference commands developed in Sec. 4.2, consider the problem of navigating through n waypoints in three-space. Similar to previous work [11, 34] , a trajectory consisting of piecewise smooth polynomials of order m over n À 1 time intervals is used. The proposed algorithm extends the existing literature by generating trajectories based on the physical limitations of the hardware actuators. This algorithm finds time-optimal polynomial paths subject to vehicle actuator saturation, allowing for paths tailored to the actuators of a specific vehicle. Additionally, a method for embedding attitude-specific constraints along the reference path is developed, allowing for aerobatic maneuvers such as flips to be performed with a single control law.
The trajectory of the quadrotor is defined by
where a i,n is the ith polynomial coefficient over the nth time interval. In addition to the advantages of polynomial-based trajectories noted in existing literature [11] , the proposed algorithm utilizes the fact that, given the correct number of endpoint constraints at the segment boundaries and the corresponding segment times, a closed-form solution for finding the polynomial coefficients exists.
As an example, consider the x-dimension of a two waypoint problem, where the vehicle starts and stops in hover. As described in Sec. 4.2, the inputs to the quadrotor are computed as a function of the first three derivatives of the position command. To ensure that those inputs are smooth, the initial and final first four derivatives of position are constrained as
where the superscript in parentheses represents the kth time derivative of x. The formulation results in ten constraints, five initial, and five terminal conditions. Therefore, assuming the final time, t f , is known, a nine-order polynomial offers a closed-form solution to the problem. Next, consider the same initial and final conditions, but now with n À 2 intermediate waypoints that the trajectory must pass through. Assuming a desired arrival time associated with each waypoint is known, the problem maintains a closed-form solution as long as there are 10n À 10 constraints. Constraining the position and first four derivatives of position at each waypoint provides the required number of constraints; however, this requires knowledge of the velocity, acceleration, jerk, and snap of the quadrotor at each waypoint. Alternatively, if only the position of the waypoint is important, the remaining 8(n À 2) constraints are formed by ensuring continuity of the first eight derivatives of position at the n À 2 intermediate waypoints.
Example 
As the constraints are formulated, the path starts and ends at hover and is required to pass through each of the waypoints. Note that the formulation offers flexibility by allowing any of the first four derivatives of position to be user-specified at any of the intermediate waypoints. For instance, if the desired x component of velocity at waypoint j is v j , the constraint becomes r accomplished by removing two of the higher-order continuity constraints at that waypoint. As long as the waypoint time and the initial and final conditions are specified, the solution for the desired trajectory and all its derivatives is closed-form and consists of a single matrix inversion. This is a departure from previous work where polynomial coefficients were found by solving a quadratic program [11] . Care must be taken, however, when specifying several constraints at a single node of the polynomial. Position, its derivatives, and time are highly coupled and radical solutions to the polynomial formulation can be found when the constraints are not chosen properly. Section 4.4 proposes a method for ensuring the resulting paths are within the limits of the actuators of the vehicle.
4.4 Actuator-Constrained Minimum-Time Polynomial Trajectory Generation. While the preceding closed-form polynomial trajectory generation method ensures that all the reference commands to the quadrotor will be smooth, there is no guarantee that the commands will be within the feasible limits of the hardware actuators. For instance, any trajectory of nonzero length will become infeasible as the segment times approach zero because the corresponding velocity, acceleration, and attitude rate reference commands will approach infinity. This section presents a novel optimization method for finding the minimum segment times subject to the physical constraints of the quadrotor.
Given the waypoints and path constraints from Sec. 4.3, the optimization returns the segment times that minimize the total path time subject to the motor saturation constraints in Eq. (16) . The optimization over n waypoints with t¼½t 1 t 2 … t nÀ1 segment times is formulated as t ¼ argmin t t nÀ1 (37) subject to f min f i f max i ¼ 1; …; 4 (38)
The trajectory starts at the first waypoint with t 0 ¼ 0. The decision variables t are the times at which the quadrotor passes through the n À 1 remaining waypoints. Minimizing the last decision variable minimizes the total time of the trajectory since each segment time is constrained to be positive. A path is defined as feasible when none of the motor commands exceeds the allowable motor thrust values. The calculation of these motor constraints is detailed below. During each iteration of the optimizer, the reference path is calculated by solving the closed-form polynomial formulation for the coefficients a i,n as specified above using the current value of t. The equations of motion of the quadrotor in Eqs. (13) and (14) are then inverted using the computed path as the reference command, returning the required forces and moments to fly that path. The individual motor thrust values are found by inverting the relationship in Eq. (15) . The calculated motor thrust values are only an approximation of the true thrust values commanded during flight due to errors in estimated model parameters (mass and inertia) and errors from ignoring the feedback control in Eqs. (17) and (34) (inverting the equations of motion using the reference path as the input assumes the quadrotor never deviates from the reference path).
The resulting segment times found from the optimization do not guarantee that the commanded motor thrusts will never exceed the prescribed bounds; however, in practice f max and f min can be treated as tuning gains. Decreasing the allowable thrust window for each motor decreases the overall aggressiveness of the resulting paths, providing a way to decrease the potential for actuator saturation.
The constraints in the optimization problem are complicated, nonlinear functions of the decision variables and so convergence to globally optimal segment times cannot theoretically be guaranteed. However, the problem always has a feasible solution because, as the segment times increase, the motor values approach hover conditions, indicating that each desired trajectory has a feasible solution. Also, in our experience, simple interior-point optimization methods work very well on this problem without ever converging to obviously suboptimal local minima.
The optimization problem assumes that no change in the yaw angle of the quadrotor is commanded. Note that the yaw of the vehicle does not depend on the trajectory flown, and so the desired yaw and yaw rate can be specified after the trajectory is found. However, the extra control authority needed to actuate the yaw must be accounted for in the optimization by setting f max and f min appropriately. As the vehicle is symmetric about yaw, for the experiments in this paper, we left the yaw constant throughout the trajectories flown.
Attitude
Constraints. In addition to accounting for actuator saturation, the proposed method allows for specific attitude constraints to be incorporated into the desired path formulation by constraining the acceleration of the vehicle based on Eq. (21) . Given a desired inertial-frame attitude q des , the corresponding required inertial-frame acceleration € r 
where F b is chosen to scale the acceleration as desired. Equation (40) allows the user to specify the attitude of the vehicle at polynomial nodes in the path. While the vehicle attitude between nodes is not directly specifiable with the current algorithm, designating the vehicle attitude at a certain point in space can be beneficial for maneuvers such as flying through windows or performing aerobatics.
Trajectory Generation
in the plot by red stars. Initially, the time between each waypoint is arbitrarily set to be 0.55 s. This yields a strangely oscillatory path with motor commands that saturate significantly. After running the optimization routine, the motor commands are within the saturation bounds and the resulting path avoids the oscillations from the initial path. The aggressiveness of the path is easily tunable by lowering the saturation bounds of the actuators at the expense of an increased path flight time. Figure 9 shows an example trajectory that illustrates a potential benefit of variable-pitch over fixed-pitch propellers for a quadrotor. The trajectory starts at the origin at hover and ends at hover 1 m higher. The negative thrust range of the variable-pitch propellers allows the quadrotor to quickly generate upward thrust to enable fast deceleration. The fixed-pitch quadrotor, however, relies on gravity to decelerate and so requires a longer overall trajectory time than the variable-pitch quadrotor.
As discussed in Sec. 4.2, the attitude is not well defined from Eq. (25) when F b ¼ 0 (the vehicle is in free-fall). However, interesting attitude maneuvers can be constructed by imposing an instantaneous free-fall constraint. In particular, Figure 10 shows the trajectory generated by imposing an acceleration constraint of Àg i between two hover conditions at different locations along the x-axis. The quadrotor goes inverted after the instantaneous freefall because r(t) is changed from 1 to 21 at that point.
Attitude constraints embedded in the path formulation are utilized to command a path similar to the backflip demonstrated on the Stanford STARMAC quadrotor [8] . Simulation results of the path are presented in Fig. 11 . The flipping motion is prescribed by embedding a 290 deg roll constraint just before the apex of the path and a 90 deg roll constraint just after the apex.
Hardware and Software Implementation
The variable-pitch quadrotor used in this project was designed and built at MIT's ACL using mostly off-the-shelf components. A closeup of the vehicle is shown in Fig. 12 . The frame is cut from a sheet of carbon fiber sandwich material with a balsa wood core. The square shape is designed to minimize vibrations induced by the propellers, motors, and servos because the vibrations cause the attitude estimate by the on-board sensors to quickly deteriorate.
The pitch control mechanisms are commercial parts designed for small remote-controlled airplanes (see Fig. 13(a) ). They use a carbon fiber pushrod routed through the center of a hollow motor shaft. A servo is mounted beneath the motor to actuate the propeller pitch. Note that swashplates needed on single-rotor helicopters to achieve agile flight (an example, swashplate on a remotecontrolled helicopter is shown in Fig. 13(b) ) are mechanically much more complicated than the variable-pitch mechanism used on the quadrotor in this project.
Other than slightly increasing the overall vibration in the vehicle and potentially decreasing the propeller efficiency by requiring symmetric blades, the addition of variable-pitch propellers to the quadrotor has few adverse affects when compared to the mechanical simplicity of traditional fixed-pitch quadrotors. As shown in Table 4 , the servos and variable-pitch components only make-up about 13% of the total weight of the vehicle, with the vehicle maintaining at least a 2:1 thrust-to-weight ratio including these additional components.
An overview of the software and data flow is shown in Fig. 14. For the indoor flight results presented in this paper, the vehicle state estimation is aided by an external motion capture system. For outdoor flight, the vehicle state could be estimated using a standard inertial measurement unit and global positioning system [44]. Position, velocity, and attitude estimates from the motion capture system are available to the control system at 200 Hz. These state estimates are combined with the desired states from the trajectory generation algorithm to form commanded thrust, attitude, and attitude rate values that are sent to the autopilot at 100 Hz (limited by the bandwidth of the wireless radio). The autopilot then generates motor and pitch commands to control the quadrotor.
The low-level attitude estimation and control are performed on a custom autopilot, nick-named the "UberPilot," developed for this project. The UberPilot circuit design is loosely based on the UAV Development Board version 4 from Sparkfun 1 and features a 10 g (14 g with the wireless radio), 1.5 Â 2.0 in. autopilot board. The autopilot board plugs into a 20 g, similarly sized power board that distributes power and signal lines from the battery and the autopilot to the four motors and servos. The autopilot and power distribution boards are shown in Fig. 15 .
The UberPilot utilizes a 16-bit dsPIC33F microcontroller from Microchip Technologies Inc.
2 running at 50 MHz and a three-axis rate gyro (ITG-3200) from InvenSense. 3 Communication from the UberPilot to the ground station is performed using a 2.4 GHz xBee wireless radio.
Estimates of the vehicle attitude are computed on the UberPilot by integrating the rate gyro measurements. Drift in the gyro measurements and the corresponding degradation of the attitude estimates is accounted for by correcting the on-board attitude estimates with attitude measurements from the motion capture software. These external attitude estimates are sent via the wireless radio to the on-board processor and are added to the internal attitude estimates using a simple complimentary filter as
where q o is the on-board quaternion estimate, q e is the external quaternion measurement, i is the discrete time index, and k is a gain such that the time constant of the first-order system is on the order of 5-10 s. The Uberpilot samples the rate gyros at 1 kHz and computes an attitude solution at the same rate. The motor and servo commands 
Experimental Results
Results of the control and trajectory generation techniques developed in Sec. 4 as implemented on the variable-pitch quadrotor are presented in this section. All the flights are performed in the RAVEN flight testing facility at the Massachusetts Institute of Technology [45, 46] .
In terms of the trajectory generation algorithm presented in Sec. 4.3, the variable-pitch quadrotor is advantageous because the addition of negative thrust more than doubles the effective thrust range for each of the four motors when compared to an equivalently powered fixed-pitch quadrotor. The reverse thrust capabilities of the variable-pitch quadrotor enable both inverted flight and vertical decelerations higher than gravity. As discussed in Sec. 3, variable-pitch propellers also increase the available controller bandwidth by effectively canceling the motor dynamics. The variable-pitch propellers are thus able to change thrust substantially faster than corresponding fixed-pitch propellers.
Flight results in this section demonstrate the ability of the quadrotor to track paths upright and inverted, quickly decelerate, and perform aerobatic maneuvers using the position-based trajectory generation method.
Inverted and Upright
Tracking. The variable-pitch quadrotor utilizes symmetric propellers. Combined with the inherent symmetry of the vehicle design, these propellers permit the quadrotor to fly equally well upright or inverted. The first set of flight results, shown in Fig. 16 , demonstrates the ability of the vehicle to track the same path in either the upright or the inverted configuration.
6.2 Negative Thrust Decelerations. One of the primary advantages of the variable-pitch propellers for a quadrotor is the ability to generate negative thrust. While this allows the vehicle to fly upside down, it also brings the capability to decelerate quickly by momentarily reversing the propeller pitch to create upward thrust. This capability is highlighted in Fig. 17 . In variable-pitch mode, the quadrotor is able to track the reference position command with only 1% overshoot, compared to 60% overshoot when flying in fixed-pitch mode. The improved tracking performance in variable-pitch mode is due primarily to the large negative accelerations that can be achieved when the pitch of the propellers is The servos and variable-pitch actuators make up about 13% of the overall weight of the quadrotor. The vehicle has well over a 2:1 thrust-to-weight ratio, including these variable-pitch actuators. allowed to vary. Note that the reference command requires changes in acceleration, which are as fast as or faster than the response of the fixed-pitch motor from Fig. 6 . This fast change in acceleration is another reason the vehicle is unable to track the reference command well when flying in fixed-pitch mode.
6.3 Flips. As described in Sec. 4.6, interesting aerobatic maneuvers can be performed using the trajectory generation method by embedding attitude constraints along the path. The first example, snapshots of which are shown in Fig. 18 , shows the quadrotor performing a 180 deg flip. The quadrotor is commanded to follow a parabolic trajectory in the x-z plane, starting and stopping at hover, with a 2g acceleration constraint imposed in the middle. At the apex of the parabola, the quadrotor is commanded to fly inverted, resulting in a 180 deg flipping maneuver. Figure 19 shows the angular position and rate tracking abilities of the variable-pitch quadrotor during the 180 deg flip. The entire maneuver takes less than 0.4 s and the quadrotor rotates at over 1000 deg/s.
Next, a 180 deg flip is embedded into a translating path to demonstrate the ability of the vehicle and algorithms to perform moving aerobatics. This maneuver is shown in Fig. 20 . The vehicle starts and stops at hover and travels nearly 4 m/s forward and 2 m/s upward just before the flip.
Finally, snapshots of hardware results of the STARMAC inspired backflip (simulation results are shown in Fig. 11 ) are shown in Fig. 21 . The backflip is similar to the translating 180 deg flip in Fig. 20 except the quadrotor performs a full 360 deg flip. This maneuver is difficult for the quadrotor to execute because it requires a relatively high deceleration after the flip. As the quadrotor exits the flip, the vehicle is moving about 3 m/s forward and over 2 m/s downward. The vehicle requires nearly full thrust to slow to a stop. The optimization algorithm from Sec. 4.4 is used to find this feasible trajectory, preventing the vehicle from becoming unstable due to actuator saturation. Videos of these flight experiments are available under the "Supplemental Data" tab for this paper on the ASME Digital Collection.
Conclusion
This paper presented the analysis, control, and flight testing of a variable-pitch quadrotor helicopter. Adding variable-pitch propellers to a quadrotor was shown both analytically and experimentally to increase the possible thrust rate of change and provide a quick method for generating reverse thrust. The variable-pitch quadrotor overcomes fundamental limitations of fixed-pitch quadrotors without introducing the mechanical complexity of a pod-and-boom style helicopter. Compared with a fixed-pitch quadrotor, these capabilities greatly increase the possibility for aggressive and aerobatic maneuvers.
A closed-loop flight control algorithm and novel trajectory generation scheme were also developed. The trajectories are generated while accounting for actuator saturation levels and can accept attitude constraints along the path. Some example, maneuvers are performed on a real variable-pitch quadrotor showing increased performance over fixed-pitch quadrotors. Fig. 11) 
